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Abstract 
Let S be a monoid. It is shown that all flat left S-acts are regular if and only if every cyclic 
subact of every flat left S-act is strongly flat if and only if every element of S different from 1 
is a left zero. This result answers an open question remained in Kilp and Knauer (1987). 
1991 Math. Subj. Class.: 20M 
1. Introduction 
In the following, S will always stand for a monoid. A left S-act A is called strongly 
flat if the functor -@A (from right S-acts into sets) preserves pullbacks and equalizers. 
Bulman-Fleming, in [l], showed that preserving only pullback S is sufhcient. A left 
S-act A is called fiat if the mnctor -@A preserves embeddings of right S-acts, and 
weakly flat if it preserves embeddings of right ideals into S. According to Knauer [7], 
a left S-act A is projective if and only if A % u Se; for e’ = ei E S. We note that S 
in particular is a projective left S-act. As one would expect, projective + strongly flat 
+ flat + weakly flat, and it is also known that these four concepts are distinct. 
A left S-act A is called regular if for any a E A there exists a homomorphism 
f : Su + S such that f(a)a = a (cf. [5, 141). It is clear that a von Neumann regular 
monoid S is a regular left S-act. Other examples of regular left S-acts were given in 
[5, 81. The following result appeared in [S, 141. 
Proposition 1.1. A left S-act A is regular if and only if all cyclic subacts of A are 
projective. 
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Regular left S-acts were introduced by Tran Lam Hach in [14] and investigated by 
many authors (for example, see [5, 8, 10, 141). In [5], it was shown that if S is a 
left reversible monoid (that is, any two principal right ideals of S intersect), then all 
flat left S-acts are regular if and only if S = { 1) or S = (0, l}. But the problem 
of characterization of monoids over which all flat left S-acts are regular in general 
remains open (cf. [5]). In this short note, we answer this question by proving that all 
flat left S-acts are regular if and only if every cyclic subact of every flat left S-act 
is strongly flat if and only if every element of S different from 1 is left zero. Some 
results of [5] will 
Any semigroup 
Howie [4]. 
be consequences of our investigations. 
concept and notation not defined here can be found, for example, in 
2. Results 
Lemma 2.1 (Bulman-Fleming and Normak [3]). Every flat cyclic left S-act is str- 
ongly fiat if and only if S is left nil (that is, for every x E S, x # 1, there ex- 
ists a natural number n such that n” is a ieft zero element of S). 
Lemma 2.2 (Bulman-Fleming and McDowell [2]). Let A be a right S-act and B a 
left S-act. Assume that a, a’ E A, b, b’ E B. Then a @ b = a’ @ b’ in A 63 B if and only 
ifthere exist al ,..., a,, EA,b2 ,..., b, EB, andsl,tl,..., n, ,, s t E S such that 
a = UlSl, 
a1t1 = a2s2, s,b = tlb2, 
a2t2 = a3S3, S2b2 = t2b3, 
.,.... . . . . . . 
a,& = a’, s,b, = t,,b’. 
Lemma 2.3. Let S be a left zero semigroup with 1 adjoined and A a weakly flat left 
S-act. Suppose that a E A and s, t E S - { 1) are such that sa = ta. Then s = t. 
Proof. From sa = ta, it follows that s @ a = t @ a in S @I A. Thus we have s @ a = 
t @ a in (sS U tS) @A since A is weakly flat. Therefore, by Lemma 2.2, there exist 
UI,UI ,..., u,,,u~ES,S, ,..., s,~(sSUtS),az ,..., a,gA suchthat 
s = S]Ul, 
SlV = S2U2, u1a = UlU2, 
S2V2 = S3U3, U2a2 = V2a3, 
. . . . . . . . . . . . 
s,v, = t, u,a, = v,a. 
Set SO = S,S,+I = t,si = w&,w; E {s, t}, ti E S, i = 1,. . . ,n. It is easy to see that there 
exists an i such that si = stiysi+l = tti+l. Thus we have 
S = StjVi = SiVi = Si+]Uz+j = tti+lUj+l = t, 
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and the result follows. 
According to Knauer [6], an element u E S is called right semi-cancellative if for 
su = tu,s,t E S there exists r E S such that ru = u and sr = tr. 
Lemma 2.4 (Liu and Yang [l 1, Lemma 3.31). Every principal left ideal of S is 
strongly flat if and only if every element of S is right semi-cancellative. 
The characterization of monoids over which all regular let? S-acts are flat was given 
in [lo]. Here we give the characterization of monoids over which all flat left S-acts 
are regular. 
Theorem 2.5. The following conditions on a monoid S are equivalent: 
(1) All flat left S-acts are regular. 
(2) All weakly flat left S-acts are regular. 
(3) Every cyclic subact of every flat left S-act is strongly flat. 
(4) Every cyclic subact of every weakly flat left S-act is strongly jlat. 
(5) Every element of S different from 1 is a left zero. 
Proof. The implications (2) + (1) and (4) + (3) are clear. (1) + (3) and (2) + (4) 
follow from Proposition 1.1. 
(5) + (2). If S = {l}, then the result is clear. Now let S be a left zero semi- 
group with 1 adjoined. Suppose that A is a weakly flat left S-act and a E A. By 
Proposition 1.1, our aim will be to show that Sa is a projective left S-act. 
Suppose that sa # a for any s E S - { 1). Define a mapping f : Sa + S as follows: 
f(ta) = t, t E S. 
Suppose ta = t’a. If t, t’ E S - {l}, then t = t’ by Lemma 2.3. If t E S - { 1) and 
t’ = 1, then ta = a, a contradiction. If t’ E S - { 1) and t = 1, the result is similar. 
This means that f is well-defined. It is clear that f is an isomorphism of left S-acts. 
Thus Sa is projective. 
Now suppose that there exists an element s E S - { 1) such that sa = a. Define a 
mapping f : Sa -+ Ss as following: 
f(a) = s, 
f(ta) = t, t E S- (1). 
By Lemma 2.3, it is easy to see that f is well-defined. Clearly f : Sa + Ss is an 
isomorphism of left S-acts. Thus, by [7], Sa is projective since s is an idempotent of S. 
(3) + (5). Since every cyclic subact of every flat left S-act is strongly flat, it is 
clear that every flat cyclic left S-act is strongly flat. Thus, by Lemma 2.1, S is left nil. 
Clearly, every principal left ideal of S is strongly flat since S is a flat left S-act. Thus, 
by Lemma 2.4, every element of S is right semi-cancellative. Suppose that S # { 1) 
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and x E S - { 1). Assume n is the least positive integer such that x” is a left zero 
element of S. If n = 1, then x is a left zero element. Now suppose that n > 1. Since 
XnX = xn = _+X, 
there exists u E S such that 
XnU = xn-‘a, ux =x. 
If u = 1, then x”-i = x”, a contradiction. Thus u # 1. Since S is left nil, there exists 
a natural number m such that urn is a left zero element of S. Now we have 
x=ux=&=.. , = umx = um. 
Thus x is a left zero element of S. This contradicts the hypothesis n > 1. Therefore 
we have proved that S is a left zero semigroup with 1 adjoined. 
Remark 2.6. Observing the proof of Theorem 2.5, we obtain that the result is also 
ture if we replace “all flat” and “all weakly flat” by “all cyclic flat” and “all cyclic 
weakly flat”, respectively, in Theorem 2.5. 
Corollary 2.7 (Kilp and Knauer [5, Theorem 2.61). Let S be a left reversible monoid. 
Then all pat left S-acts are regular if and only if S = { 1) or S = (0, 1). 
A monoid S is called a right PP monoid if every principal right ideal of S is 
projective. It was shown in [3] that if S is a right PP monoid such that all cyclic flat 
left S-acts are strongly flat, then every element of S different from 1 is a left zero. 
From Theorem 2.5, it follows that the converse is also ture. That is, we have: 
Corollary 2.8. The following conditions on S are equivalent. 
(1) S is a right PP monoid such that all cyclic flat left S-acts are strongly pat. 
(2) Every element of S difSerent from 1 is a left zero. 
Remark 2.9. It was shown in [lo] that all regular left S-acts are flat if and only if se 
is a von Neumann regular element of S for all s E S and e2 = e E T, where T is the 
largest regular left ideal of S. Thus, from Theorem 2.5, it follows that if all flat left 
S-acts are regular, then all regular left S-acts are flat. The following example shows 
that there exists a monoid S such that all regular left S-acts are flat but not all flat 
left S-acts are regular. Set S = P IjT, where P is a monoid with only one idempotent 
which is not right cancellative, T a von Neumann regular semigroup and pt = tp = t 
for all p E P, t E T. It was shown in [lo] that all regular left S-acts are flat. But, 
there exists a flat S-act which is not regular. 
Let A be a left S-act. Nom&, in [12], studied the following condition (E), which 
was first considered by Stenstrom [ 131. 
(E) If sa = ta for a E A,s, t E S then there exist a’ E A and u E S such that su = tu 
and a = ua’. 
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In [9], it was proved that all left S-acts satisfying condition (E) are flat if and only 
if S is von Neumann regular. But the problem of characterization of monoids over 
which all flat left S-acts satisfy condition (E) remains open (see [9, Remark 51). Here, 
by Theorem 2.5, we have a partial answer for this problem. 
Corollary 2.10. Suppose that every principal left ideal of S is strongly Jut. Then the 
following conditions are equivalent: 
(1) All fiat left S-acts satisfy condition (E). 
(2) All weakly flat left S-acts satisfy condition (E). 
(3) Every element of S d@erent from 1 is a left zero. 
Proof. (1) + (3). It was proved in [6] that a cyclic left S-act Sx is strongly flat if 
and only if for sx = tn,s, t E S there exists r E S with rx = x and sr = tr. Thus it is 
easy to see that a cyclic left S-act is strongly flat if and only if it satisfies condition 
(E). Therefore every flat cyclic left S-act is strongly flat. Now the implication follows 
from the proof of Theorem 2.5, part (3) + (5). 
(3) + (2). By Theorem 2.5, every cyclic subact of every weakly flat let? S-acts is 
strongly flat. Thus the result follows. 
(2) ===+ (1). Clear. 
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